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Recollements arising from cotorsion pairs on extriangulated
categories⋆
Yonggang Hu and Panyue Zhou
Abstract
This paper is devoted to constructing some recollements of additive categories associated
to concentric twin cotorsion pairs on an extriangulated category. As an application, this
result generalizes the work by Chen-Liu-Yang in a triangulated case. Moreover, it highlights
new phenomena when it applied to an exact category. Finally, we give some applications
to illustrate our main results. In particular, we obtain the Krause’s recollement whose the
proofs are both elementary and very general.
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1 Introduction
The recollement of triangulated categories was introduced in a geometric setting by Beilinson,
Bernstein and Deligne [BBD]. Nowadays it has become very powerful in understanding re-
lationships among three algebraic, geometric or topological objects. A fundamental example
of the recollement of abelian categories is due to MacPherson and Vilonen [MV], in which
it first appeared as an inductive step in the construction of perverse sheaves. Later, Wang
and Lin [WL] defined the notion of recollement of addtive categories, which unifies the rec-
ollment of abelian categories and the recollement of triangulated categories. Recently, Chen,
Liu and Yang [CLY] introduced localization sequences and colocalization sequences of addi-
tive categories which are similar to lower recollements and upper recollements of triangulated
categories respectively. They consider recollements of additive categories by cotorsion pairs
in triangulated categories. Based on this fact that a co-t-structure is a special cotorsion pair,
they give some recollements of additive categories associated to concentric twin cotorsion pairs
in a triangulated category by doing quotient.
Extriangulated categories were recently introduced by Nakaoka and Palu [NP] by extracting
those properties of Ext1 on exact categories (which is itself a generalisation of the concept of
a module category and an abelian category) and on triangulated categories that seem relevant
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from the point of view of cotorsion pairs. In particular, exact categories and triangulated cat-
egories are extriangulated categories. There are a lot of examples of extriangulated categories
which are neither exact categories nor triangulated categories, see [NP, ZZ]. Hence, many re-
sults hold on exact categories and triangulated categories can be unified in the same framework.
Based on this idea, we extend Chen-Liu-Yang’s results to extriangulated categories.
Our main result is the following.
Theorem 1.1. (See Theorem 3.8 for more details) Let C be an extriangulated category with
enough projectives and enough injectives, and (S,T ), (U ,V) and (X ,Y) be cotorsion pairs on
C with W = S ∩ T = U ∩ V = X ∩ Y. If X ∩ T = V,Y ⊆ T ,ΣV ⊆ V and ΣY ⊆ Y, then there
are two recollements of additive categories as follows:
V/W
F // T /W
Fλ
xx
Fδ
ff
G // (T ∩ U)/W
Gδ
gg
Gλ
ww
,
V/W
F // T /W
Fλ
xx
Fδ
ff
G′ // Y/W
G′δ
ff
G′λ
xx
,
where F,Gλ and Gδ are the full embeddings.
Our main result generalizes Chen-Liu-Yang’s results on a triangulated category and is new
for an exact category case. In particular, applying our main results to complex categories,
we reobtain the Krause’s recollement. In fact, without considering homotopy categories, we
reprove the existence of Krause’s recollement by our main resluts.
This article is organised as follows: In Section 2, we review some basic concepts and results
concerning extriangulated categories. In Section 3, we show our main results. In Section 4, we
give some applications to illustrate our main results.
2 Preliminaries
Let us briefly recall some definitions and basic properties of extriangulated categories from
[NP]. We omit some details here, but the reader can find them in [NP].
Let C be an additive category equipped with an additive bifunctor
E : Cop × C → Ab,
where Ab is the category of abelian groups. For any objects A,C ∈ C, an element δ ∈ E(C,A)
is called an E-extension. Let s be a correspondence which associates an equivalence class
s(δ) = [A
x // B
y // C]
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to any E-extension δ ∈ E(C,A). This s is called a realization of E, if it makes the diagrams
in [NP, Definition 2.9] commutative. A triplet (C,E, s) is called an extriangulated category if
it satisfies the following conditions.
(1) E : Cop × C → Ab is an additive bifunctor.
(2) s is an additive realization of E.
(3) E and s satisfy the compatibility conditions in [NP, Definition 2.12].
Remark 2.1. Note that both exact categories and triangulated categories are extriangulated
categories, see [NP, Example 2.13] and extension closed subcategories of triangulated cate-
gories are again extriangulated, see [NP, Remark 2.18]. Moreover, there exist extriangulated
categories which are neither exact categories nor triangulated categories, see [NP, Proposition
3.30] and [ZZ, Example 4.14].
We will use the following terminology.
Definition 2.2. [NP] Let (C,E, s) be an extriangulated category.
(1) A sequence A
x
−−→ B
y
−−→ C is called a conflation if it realizes some E-extension δ ∈
E(C,A). In this case, x is called an inflation and y is called a deflation.
(2) If a conflation A
x
−−→ B
y
−−→ C realizes δ ∈ E(C,A), we call the pair (A
x
−−→ B
y
−−→ C, δ)
an E-triangle, and write it in the following way.
A
x
−→ B
y
−→ C
δ
99K
We usually do not write this “δ” if it is not used in the argument.
(3) Let A
x
−→ B
y
−→ C
δ
99K and A′
x′
−→ B′
y′
−→ C ′
δ′
99K be any pair of E-triangles. If a triplet
(a, b, c) realizes (a, c) : δ → δ′, then we write it as
A
x //
a

B
y //
b

C
δ //❴❴❴
c

A′
x′ // B′
y′ // C ′
δ′ //❴❴❴
and call (a, b, c) a morphism of E-triangles.
(4) An object P ∈ C is called projective if for any E-triangle A
x
−→ B
y
−→ C
δ
99K and
any morphism c ∈ C(P,C), there exists b ∈ C(P,B) satisfying yb = c. We denote the
subcategory of projective objects by P ⊆ C. Dually, the subcategory of injective objects
is denoted by I ⊆ C.
(5) We say that C has enough projective objects if for any object C ∈ C, there exists an
E-triangle A
x
−→ P
y
−→ C
δ
99K satisfying P ∈ P. We can define the notion of having
enough injectives dually.
4 Yonggang Hu and Panyue Zhou
Assume that (C,E, s) is an extriangulated category. By Yoneda’s lemma, any E-extension
δ ∈ E(C,A) induces natural transformations
δ♯ : C(−, C)⇒ E(−, A) and δ
♯ : C(A,−)⇒ E(C,−).
For any X ∈ C, these (δ♯)X and δ
♯
X are given as follows:
(1) (δ♯)X : C(X,C)→ E(X,A); f 7→ f
∗δ.
(2) δ♯X : C(A,X)→ E(C,X); g 7→ g∗δ.
Lemma 2.3. Let (C,E, s) be an extriangulated category, and
A
x // B
y // C
δ //❴❴❴
an E-triangle. Then we have the following long exact sequence:
C(−, A)
C(−,x)
−−−−→ C(−, B)
C(−,y)
−−−−→ C(−, C)
δ
♯
−
−→ E(−, A)
E(−,x)
−−−−→ E(−, B)
E(−,y)
−−−−→ E(−, C);
C(C,−)
C(y,−)
−−−−→ C(B,−)
C(x,−)
−−−−→ C(A,−)
δ−
♯
−→ E(C,−)
E(y,−)
−−−−→ E(B,−)
E(x,−)
−−−−→ E(A,−).
Proof. This follows from Proposition 3.3 and Proposition 3.11 in [NP].
Now we recall higher extension groups from [LN].
Assume that (C,E, s) is an extriangulated category with enough projectives and enough
injectives. For two subcategories X ,Y of C, Cone(X ,Y) is defined to be the subcategory of
C, consisting of objects C which admits an E-triangle X
x // Y
y // C
δ //❴❴❴ where X ∈ X
and Y ∈ Y. Dually we can define CoCone(X ,Y).
For a subcategory C1 ⊆ C, put Ω
0C1 = C1, and define Ω
iC1 for i > 0 inductively by
ΩiC1 = Ω(Ω
i−1C1) = CoCone(P,Ω
i−1C1).
We call ΩiC1 the i-th syzygy of C1. Dually we define the i-th cosyzygy Σ
iC1 by Σ
0C1 = C1 and
ΣiC1 = Cone(Σ
i−1C1,I) for i > 0.
Let X be any object in C. It admits an E-triangle
X → I0 → ΣX 99K ( resp. ΩX → P0 → X 99K),
where I0 ∈ I (resp. P0 ∈ P). We can obtain E-triangles
ΣiX → Ii → Σi+1X 99K ( resp. Ωi+1 → Pi → Ω
iX 99K),
for i > 0 recursively.
Liu and Nakaoka [LN] defined higher extension groups as
E
i+1(X,Y ) := E(X,ΣiY ) ∼= E(ΩiX,Y )
for i ≥ 0, and proved the following.
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Lemma 2.4. [LN, Proposition 5.2] Let (C,E, s) be an extriangulated category with enough
projectives and enough injectives, and
A
x // B
y // C
δ //❴❴❴
an E-triangle. Then we have the following long exact sequence:
· · · −→ Ei(−, A) −→ Ei(−, B) −→ Ei(−, C) −→ Ei+1(−, A) −→ Ei+1(−, B) −→ Ei+1(−, C) −→ · · · (i ≥ 1);
· · · −→ Ei(C,−) −→ Ei(B,−) −→ Ei(A,−) −→ Ei+1(C,−) −→ Ei+1(B,−) −→ Ei+1(A,−) −→ · · · (i ≥ 1).
Remark 2.5. [ZhZ, Lemma 2.14] Let (C,E, s) be an extriangulated category with enough
projectives and enough injectives. Then
(a) P is projective object in C if and only if Ei(P,C)=0, for any C ∈ C and i ≥ 1.
(b) I is injective object in C if and only if Ei(C, I)=0, for any C ∈ C and i ≥ 1.
Let C be an additive category. For two objects A,B in X denote by X (A,B) the subgroup
of HomC(A,B) consisting of those morphisms which factor through an object in X . Denote by
C/X the quotient category of C modulo X : the objects are the same as the ones in C, for two
objects A and B the Hom space is given by the quotient group HomC(A,B)/X (A,B). Note
that the quotient category C/X is an additive category. We denote f the image of f : A→ B
of C in C/X .
Remark 2.6. If X is closed under direct summands, for any C ∈ C we have C ∼= 0 in C/X if
and only if C ∈ X .
Definition 2.7. [NP, Definition 4.1] Assume that (C,E, s) is an extriangulated category. Let
U and V be two subcategories of C. We call (U ,V) a cotorsion pair if it satisfies the following
conditions:
(a) E(U ,V) = 0.
(b) For any object C ∈ C, there are two E-triangles
VC → UC → C 99K and C → V
C → UC 99K
satisfying UC , U
C ∈ U and VC , V
C ∈ V.
By definition of a cotorsion pair, we can immediately conclude:
Remark 2.8. Assume that (C,E, s) is an extriangulated category. Let (U ,V) be a cotorsion
pair on C. Then
(a) C belongs to U if and only if E(C, V ) = 0;
(b) C belongs to V if and only if E(U , C) = 0;
(c) U and V are closed under direct sums, direct summands and extensions.
Definition 2.9. [NP, Definition 4.12] Assume that (C,E, s) is an extriangulated category. Let
(S,T ) and (U ,V) be cotorsion pairs on C. Then the pair TCP := ((S,T ), (U ,V)) is called a
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twin cotorsion pair if it satisfies E(S,V) = 0. Note that this condition is equivalent to S ⊆ U ,
and also to V ⊆ T . If it moreover it satisfies S ∩ T = U ∩ V, then TCP is called a concentric
twin cotorsion pair.
Lemma 2.10. Assume that (C,E, s) is an extriangulated category. Let (U ,V) be a cotorsion
pair on C and W := U ∩ V. Then (C/W)(U/W,V/W) = 0.
Proof. Let f ∈ C(U, V ) be any morphism, where U ∈ U and V ∈ V. By definition of a cotorsion
pair, there exists an E-triangle
V ′
x
−→ U ′
y
−→ V
δ
99K
where V ′ ∈ V and U ′ ∈ U . Since V is closed under extensions, we have U ′ ∈ V and then
U ′ ∈ U ∩ V = W. Applying the functor C(U,−) to the E-triangle V ′
x
−→ U ′
y
−→ V
δ
99K, by
Lemma 2.3, we have the following exact sequence:
C(U,U ′)
C(U, y)
−−−−→ C(U, V ) −→ E(U, V ′) = 0.
It follows that there exists a morphism a : U → U ′ such that f = y ◦ a. Since U ′ ∈ W, this
means f = 0.
Lemma 2.11. Assume that (C,E, s) is an extriangulated category. Let (U ,V) be a cotorsion
pair on C and W := U ∩ V, and let f : A→ B be any morphism in C.
(1) Let
VA −→ UA
uA−→ A 99K
VB −→ UB
uB−→ B 99K
be any E-triangles satisfying UA, UB ∈ U and VA, VB ∈ V. Then there exists a morphism
fU ∈ C(UA, UB) such that
f ◦ uA = uB ◦ fU .
UA
UB
A
B
fU

uB
//
uA //
f


Moreover, fU with this property is unique in (C/W)(UA, UB).
(2) Dually, for any E-triangles
A→ V ′A → U
′
A 99K
B → V ′B → U
′
B 99K
with U ′A, U
′
B ∈ U and V
′
A, V
′
B ∈ V, there exists a morphism f
′
V ∈ C(V
′
A, V
′
B) compatible
with f , uniquely up to W.
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Proof. We only show (1). Existence immediately follows from E(UA, VB) = 0. Moreover if f
1
U
and f2U in C(UA, UB) satisfies
f1U ◦ uA = uB ◦ fU = f
2
U ◦ uA,
then by (f1U − f
2
U ) ◦ uA = 0, there exists w ∈ C(UA, VB) such that f
1
U − f
2
U factors through w.
VB UB B
UA A
// // //❴❴❴❴
f1U−f
2
U

f

w
⑧
⑧
⑧
⑧
⑧
uA //

By Lemma 2.10 we have w = 0, and then f1U = f
2
U .
Lemma 2.12. Assume that (C,E, s) is an extriangulated category. Let (U ,V) be a cotorsion
pair on C, W := U ∩ V and C be any object in C.
(1) For any E-triangles
V −→ U
u
−→ C 99K
V ′ −→ U ′
u′
−→ C 99K
satisfying U,U ′ ∈ U and V, V ′ ∈ V, there exists a morphism s ∈ C(U,U ′) compatible with
u and u′, such that s is an isomorphism.
U
U ′
∼ = s

U
U ′
Cs

u
""❊
❊❊
❊
u′
<<②②②②

(2) Dually, those V appearing in E-triangles
C → V → U 99K where U ∈ U , V ∈ V
are isomorphic in C/W.
Proof. This immediately follows from Lemma 2.11.
3 Recollements of additive categories
In this section, we will prove our main results, and need to do some preparations as follows.
Definition 3.1. [WL, Definition 2.1] and [CLY, Definition 3.1] Let A′
F
−−→ A
G
−−→ A′′ be a
sequence of additive functors between additive categories. We say it is a localization sequence
if the following conditions hold:
(L1) The functor F is fully faithful and has a right adjoint Fδ.
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(L2) The functor G has a fully faithful right adjoint Gδ.
(L3) There exists an equality of additive subcategories ImF = KerG, where
ImF = {A ∈ A | A ∼= F (X) for some X ∈ A′} and KerG = {A ∈ A | G(A) = 0 in A′′}.
Colocalization sequence of additive categories is defined dually. A sequence of additive cate-
gories A′
F
−−→ A
G
−−→ A′′ is called a recollement if it is both a localization sequence and a
colocalization sequence.
From now on, we assume that (C,E, s) is an extriangulated category with enough projectives
and enough injectives.
Definition 3.2. [B, Definition 3.1.1] Let A and B be additive categories and F : A → B
a functor. For any B ∈ B, a reflection of B along F is a pair (QB , ηB) of QB ∈ A and
ηB ∈ B(B,F (QB)), satisfying the universality that for any A ∈ A and any b ∈ B(B,F (A)),
there exists a unique morphism a ∈ A(QB, A) such that F (a) ◦ ηB = b.
B
ηB //
b !!❈
❈❈
❈❈
❈❈
❈❈
F (QB)
F (a)zz✉✉
✉✉
✉✉
✉✉
✉
F (A)
A coreflection is defined dually.
Lemma 3.3. Let ((S,T ), (U ,V)) be a concentric twin cotorsion pair on C with W = S ∩ T .
Then the inclusion V/W →֒ T /W admits an additive left adjoint Fλ : T /W → V/W. Indeed,
for any T ∈ T and E-triangle
T
vT−→ VT −→ UT 99K
with UT ∈ U and VT ∈ V, vT : T → VT gives a reflection of T along the inclusion V/W →֒ T /W,
where Fλ(T ) = VT .
Proof. It is enough to prove that for any T ∈ T , V ∈ V and f ∈ C(T, V ), there exists a
morphism g ∈ C(VT , V ) such that f = g ◦ vT , uniquely in (C/W)(VT , V ).
Applying the functor C(−, V ) to the E-triangle T
vT−→ VT −→ UT 99K, we have the following
exact sequence:
C(VT , V )
C(vT ,V )
−−−−−→ C(T, V ) −→ E(UT , V ) = 0.
Thus there exists a morphism g ∈ C(VT , V ) such that f = g ◦ vT and then f = g ◦ vT .
To prove uniqueness now, suppose that there exists a morphism g ∈ C(VT , V ) such that
f = g′ ◦ vT . Then (g − g′) ◦ vT = 0, that is, (g − g
′) ◦ vT factors through some W0 ∈ W. Let
(g − g′) ◦ vT = b ◦ a with a : T →W0 and b : W0 → V .
Applying the functor C(−,W0) to the E-triangle T
vT−→ VT −→ UT 99K, we have the following
exact sequence:
C(VT ,W0)
C(vT ,W0)
−−−−−−→ C(T,W0) −→ E(UT ,W0) = 0.
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Thus there exists a morphism c ∈ C(VT ,W0) such that a = c◦vT and then (g−g
′−b◦c)◦vT = 0.
By Lemma 2.3, there exists a morphism d ∈ C(UT , V ) such that (g − g
′) − b ◦ c = d ◦ e. It
follows that g − g′ = d ◦ e. By Lemma 2.10, we have (C/W)(UT , V ) = 0 implies g = g′.
Therefore, vT : T → VT gives a reflection of T along the inclusion V/W →֒ T /W. Namely,
Fλ : T /W → V/W is left adjoint to the inclusion V/W → T /W.
Lemma 3.4. Let ((S,T ), (U ,V)) be a concentric twin cotorsion pair on C with W = S ∩ T .
If ΣV ⊆ V, then there exists the following colocalization sequence of additive categories:
V/W
F // T /W
Fλ
xx
G // (T ∩ U)/W
Gλ
ww
,
where F and Gλ are the full embeddings.
Proof. Assume that F : V/W → T /W is the full embedding. We defineG : T /W → (T ∩U)/W
in the following way. For any T ∈ T , G(T ) = ZT appearing in an E-triangle VT −→ ZT −→
T 99K with ZT ∈ T ∩ U and VT ∈ V. By [ZW, Definition 3.13], we know that G is an additive
functor and a right adjoint of the inclusion (T ∩ U)/W → T /W, denoted by Gλ. We claim
that ImF = KerG. It is easy to see that ImF = V since F is the full embedding. For any
V ∈ V, there exists an E-triangle
V0 −→W0 −→ V 99K
with W0 ∈ W and V0 ∈ V. Hence, G(V ) = W0 in (T ∩ U)/W. So we know that V ∈ KerG
by Remark 2.6. Then ImF ⊆ KerG. On the other hand, for any T ∈ KerG, there exists an
E-triangle
VT −→ ZT −→ T 99K
with ZT ∈ W and VT ∈ V. Since ΣV ⊆ V, we have E(U,ΣVT ) = 0. Applying the functor
C(U ,−) to the E-triangle T
vT−→ VT −→ UT 99K, by Lemma 2.5, we obtain the following exact
sequence:
E(U , ZT ) = 0 −→ E(U , T ) −→ E(U ,ΣVT ) = 0.
It follows that E(U , T ) = 0 and then T ∈ V. Thus ImF = KerG. Let Fλ be as in Lemma 3.3.
Then (Fλ, F ) is an adjoint pair. This completes the proof.
Lemma 3.5. Let (U ,V) be a cotorsion pair and ((S,T ), (X ,Y)) a concentric twin cotorsion
pair on C with W = S ∩T . If T ∩X = V, then the inclusion V/W → T /W admits an additive
right adjoint functor Fδ : T /W → V/W. Indeed, for any T ∈ T and E-triangle
YT −→ VT
xT−→ T 99K
with YT ∈ Y and VT ∈ V, xT : VT → T gives a coreflection of T along the inclusion V/W →֒
T /W, where Fδ(T ) = VT .
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Proof. For any T ∈ T , there exists an E-triangle
YT −→ VT
xT−→ T 99K
with YT ∈ Y and VT ∈ X . Since Y ⊆ T and T is closed under extensions, we have VT ∈ T .
Thus VT ∈ X ∩ T = V. The remaining proof is similar to Lemma 3.3.
Lemma 3.6. Let ((S,T ), (X ,Y)) a concentric twin cotorsion pair on C with W = S ∩ T .
Then the inclusion Y/W →֒ T /W admits an additive left adjoint G′ : T /W → Y/W. Indeed,
for any T ∈ T and E-triangle
T
yT−→ YT −→ XT 99K
with YT ∈ Y and XT ∈ X , yT : T → YT gives a reflection of T along the inclusion Y/W →֒
T /W, where G′(T ) = YT .
Proof. The proof is similar to Lemma 3.3.
Lemma 3.7. Let (U ,V) be a cotorsion pair and ((S,T ), (X ,Y)) a concentric twin cotorsion
pair on C with W = S ∩ T . If T ∩ X = V and ΣY ⊆ Y, then there exists the following
localization sequence of additive categories:
V/W
F // T /W
Fδ
ff
G′ // Y/W
G′δ
ff
,
where F and G′δ are the full embeddings.
Proof. Suppose that F : V/W → T /W and G′δ : Y/W → T /W are the full embeddings. Let
Fδ and G
′ be as in Lemma 3.5 and Lemma 3.6, respectively. Then (F,Fδ) and (G
′, G′δ) are
adjoint pairs. Next we claim that ImF = KerG′. Obviously, ImF = V. For any V ∈ V, there
exists an E-triangle
V −→ YV −→ XV 99K
with YV ∈ Y andXV ∈ X . Since T ∩X = V and X is closed under extensions, YV ∈ Y∩X =W.
Since G′(V ) = YV , V ∈ KerG
′ by Remark 2.6. Then ImF ⊆ KerG′. On the other hand, for
any T ∈ KerG′, G′(T ) = YT appearing in an E-triangle
T −→ YT −→ XT 99K
YT ∈ Y and XT ∈ X . Then YT ∈ W.
Applying the functor C(−,Y) to the E-triangle T −→ YT −→ XT 99K, by Lemma 2.5, we
have the following exact sequence:
E(YT ,Y) = 0 −→ E(T,Y) −→ E(XT ,ΣY) = 0.
It follows that E(T,Y) = 0 and then T ∈ X . Thus T ∈ T ∩ X = V, namely, T ∈ ImF . So
ImF = KerG′. This completes the proof.
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Theorem 3.8. Let (S,T ), (U ,V) and (X ,Y) be cotorsion pairs on C with W = S ∩ T =
U ∩ V = X ∩ Y. If X ∩ T = V,Y ⊆ T ,ΣV ⊆ V and ΣY ⊆ Y, then there are two recollements
of additive categories as follows:
V/W
F // T /W
Fλ
xx
Fδ
ff
G // (T ∩ U)/W
Gδ
gg
Gλ
ww
,
V/W
F // T /W
Fλ
xx
Fδ
ff
G′ // Y/W
G′δ
ff
G′
λ
xx
,
where F,Gλ and Gδ are the full embeddings.
Proof. Define J : (T ∩ U)/W → Y/W in the following way. For any M ∈ T ∩ U , J(M) = YM
appearing in an E-triangle
M
yM
−→ YM −→ XM 99K
with YM ∈ Y and XM ∈ X . Applying the functor C(−, YM ′) to the above E-triangle, we have
the following exact sequence:
C(YM , YM ′)
C(yM ,W0)
−−−−−−→ C(M,YM ′) −→ E(XM , YM ′) = 0.
Thus for any f ∈ (T ∩ U)/W)(M,M ′), there exists a morphism fM ∈ C(YM , YM ′) such that
yM ′ ◦ f = fM ◦ yM . Hence we have the following commutative diagram
M
yM //
f

YM //
fM

XM //❴❴❴
✤
✤
✤
M ′
yM′ // YM ′ // XM ′ //❴❴❴
of E-triangles. Define J(f) = fM . By Lemma 2.11 and Lemma 2.12, J is well defined and is
an additive functor.
Define K : Y/W → (T ∩U)/W in the following way. For any Y ∈ Y,K(Y ) = UY appearing
in an E-triangle
VY −→ UY
uY−→ Y 99K
with VY ∈ V and UY ∈ U . Since Y ⊆ T ,V ⊆ T and T is closed under extensions, UY ∈ T ∩U .
For any g ∈ (Y/W)(Y, Y ′), since E(UY , VY ′) = 0, there exists a morphism gY ∈ C(UY , UY ′)
such that uY ′ ◦ gY = g ◦ uY . Hence we have the following commutative diagram
VY //
✤
✤
✤
UY
uY //
gY

Y //❴❴❴
g

VY ′ // UY ′
uY ′ // Y ′ //❴❴❴
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of E-triangles. Define K(g) = gY . By Lemma 2.11 and Lemma 2.12, K is well defined and is
an additive functor. Now, we have the following diagram:
V/W
F
//
id

T /W
Fλoo
G
//
id

(T
⋂
U)/W
Gλoo
J

V/W
id
OO
F //
T /W
Fρ
oo
id
OO
G′ //
Y/W
G′ρ
oo
K
OO
For any Y ∈ Y, since 0 → Y → Y 99K is an E-triangle, we have G′(Y ) = Y . So G′ is dense.
Then there exists a natural isomorphism from the composite functor T /W
G′
−→ Y/W
K
−→ (T ∩
U)/W to the functor Y/W
K
−→ (T ∩U)/W. Consequently, we know that the composite functor
Y/W
K
−→ (T ∩ U)/W
Gλ−−→ T /W is indeed left adjoint to T /W
G′
−→ Y/W. Put G′λ = GλK.
Then we have a recollement of additive categories
V/W
F // T /W
Fλ
xx
Fδ
ff
G′ // Y/W
G′δ
ff
G′λ
xx
.
Similarly, for any M ∈ T ∩ U , G(M) = M since 0 → W → W 99K is an E-triangle. So
G is dense. Then there exists a natural isomorphism from the composite functor T /W
G
−→
(T ∩U)/W
J
−→ Y/W to the functor (T ∩U)/W
J
−→ Y/W. Thus (T ∩U)/W
J
−→ Y/W
G′δ−−→ T /W
is indeed right adjoint to T /W
G
−→ (T ∩ U)/W. Put Gδ = G
′
δJ . Then we obtain the desired
recollement of additive categories
V/W
F // T /W
Fλ
xx
Fδ
ff
G // (T ∩ U)/W
Gδ
gg
Gλ
ww
.
We give the dual result of Theorem 3.8, but omit its proof.
Theorem 3.9. Let (S,T ), (U ,V) and (X ,Y) be cotorsion pairs on C with W = S ∩ T =
U ∩ V = X ∩ Y. If Y ∩ S = U ,X ⊆ S,ΣV ⊆ V and ΣY ⊆ Y, then there are two recollements
of additive categories as follows:
U/W
I // S/W
Iλ
xx
Iδ
ff
J // (S ∩ V)/W
Jδ
gg
Jλ
ww
,
Recollements arising from cotorsion pairs on extriangulated categories 13
U/W
I // S/W
Iλ
xx
Iδ
ff
J ′ // X/W
J ′δ
ff
J ′λ
xx
,
where I, Jδ and J
′
λ are the full embeddings.
Remark 3.10. When we apply Theorem 3.8 to a triangulated category, it is just the Theorem
3.2 in [CLY]. When we apply Theorem 3.9 to a triangulated category, it is just the Theorem
3.9 in [CLY].
4 Applications
We assume that R is a ring with unit. We denote by ModR the category of left R-modules.
Unless otherwise stated, all modules are left modules. In this section, we will give some
applications. Meanwhile, we will see that Proposition 4.3 and Proposition 4.6 in [CLY] can
be obtained directly from the cotorsion pairs on the categories of the complexes by our main
results.
Let A be an abelian category with enough projective and injective objects. For a subclass
C of A, we set
⊥C = { M ∈ A | Ext1R(M,N) = 0 for any N ∈ C}
C⊥ = { N ∈ A | Ext1R(M,N) = 0 for any M ∈ C}.
A pair (X ,Y) of A is said to be a cotorsion pair if X = ⊥Y and Y = X⊥. The cotorsion
pair is called complete if for any M ∈A, there exist two short exact sequences
0→ Y → X →M → 0
0→M → Y ′ → X ′ → 0
with X,X ′ ∈ X and Y, Y ′ ∈ Y. A pair of cotorsion pairs ((S,T ), (U ,V) is said to be a twin
cotorsion pair if S ⊆ U , or equivalently, V ⊆ T . A twin cotorsion pair is called concentric if
S ∩ T = U ∩ V.
It is well-known that the canonical cotorsion pair (P,ModR) is completed by [GT, Theorem
3.2.1] since it is generated by R.
Recall that R is said to be a Gorenstein ring if it is a left and right noetherian ring with
finite injective dimension on either side. An R-module N is called Gorenstein projective if
there is a exact sequence of projective R-modules
P : · · · → P1 → P0 → P
0 → P 1 → · · ·
with N = Ker(P0 → P
0) such that Hom(P, Q) is exact for any projective module Q.
Let GP(R) be the full subcategory of ModR consisting of all the Gorenstein projective
module. We denote by P<∞ the class of modules admitting finite projective dimension. If R is
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a Gorenstein ring, then (GP(R),P<∞) is a complete cotorsion pair, see [GT, Example 4.1.14].
Proposition 4.1. Let R be a Gorenstein ring. Then the stable category GP(R) is a coreflection
subcategory of ModR.
Proof. It is easy to see that ((P,ModR),(GP(R),P<∞)) is a concentric twin cotorsion pair
and ΣP<∞ ⊆ P<∞ since R is a Gorenstein ring. By Lemma 3.4, we obtain a colocalization
sequence of additive categories
P<∞
F //ModR
Fλ
xx
G // GP(R)
Gλ
xx
.
Thus, the inclusion functor Gλ admits a right adjoint functor. That is, GP(R) is a coreflection
subcategory of ModR.
We denote the class of projective modules by P, the class of injective modules by I, the the
category of a complex of left R-modules by C(ModR), the class of exact complexes by E .
We write a complex X• ∈ C(ModR) as
· · · −→ Xn+1
dn+1
−−−→ Xn
dn−→ Xn−1 −→ · · · .
Given X• ∈ C(ModR), the suspension of X•, denoted by S(X•), is the complex given by
S(X•)n = Xn−1 and dS(X•) = −dn. Inductively, one can define S
n+1(X•) = S(Sn(X•)) for all
n ∈ Z. Given an R-module X, we denote by X the complex
· · · −→ 0 −→ X
1
−→ X −→ 0 −→ · · ·
where the two X’s are in the 0th and -1st place.
Recall that a complex P • ∈ C(ModR) is said to be projective if for any morphism P • → D•
and any epimorphism C• → D•, the diagram
P •
}}④
④
④
④
C• // D•
can be completed to a commutative diagram by a morphism P • → C•. Dually, one can
define the injective complex I•. It is well-known that each projective complex P • and injective
complex I• are exact complexes. Moreover, the components Pn, In of projective complex P
•
and injective complex I• are projective and injective modules in ModR, respectively. However,
conversely, it may not true, see [EJ, Example 1.4.5].
From [EJ, Section 1.4], we know that C(ModR) admits enough projective and injective
complexes. Then, for any complex C• ∈ C(ModR), there exist a projective resolution and an
injective resolution of C•. It means that there exist two exact sequences of complexes
· · · −→ P •n −→ · · · −→ P
•
1 −→ P
•
0 −→ C
• −→ 0
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0 −→ C• −→ I•0 −→ I
•
−1 −→ · · · −→ I
•
−n −→ · · ·
where each P •n , I
•
−n is projective and injective, respectively.
Now, we can define the groups ExtnC(ModR)(C
•,D•) (or simply, Extn(C•,D•)) for any com-
plexes C• and D•. If exact sequences of complexes
· · · −→ P •n −→ · · · −→ P
•
1 −→ P
•
0 −→ C
• −→ 0
is the projective resolution of C•, then Extn(C•,D•) is defined to be the n-cohomology group
of the complex
0→ Hom(P •0 ,D
•)→ Hom(P •1 ,D
•)→ · · · .
It also can be computed by the injective resolution of D•. Especially, the ξ ∈ Ext1(C•,D•)
can be put in bijective correspondence with the equivalence classes of short exact sequences
0 −→ D• −→ E• −→ C• −→ 0
in C(ModR).
We denote by K(ModR) and D(R) the corresponding homotopy category and derived cat-
egory of ModR.
Definition 4.2. [G01, G02] Given a class of R-modules C, we define the following classes of
chain complexes in C(ModR)
(1) dwC is the class of all chain complexes C• with Cn ∈ C for any n ∈ Z.
(2) exC is the class of all exact chain complexes C• with Cn ∈ C for any n ∈ Z.
(3) C˜ is the class of all exact chain complexes C• with cycles Zn(C
•) ∈ C.
(4) Given any cotorsion pair (X , Y) in ModR. dgX is the class of all complexes of R-modules
satisfying that each Xn ∈ X and HomK(ModR)(X
•, Y •) = 0 for any X• ∈ dgX and any
Y • ∈ Y˜. Similarly, one can define dgY.
We denote by Kex(C) and K(C) the corresponding homotopy categories consisting of com-
plexes in exC, and dwC, respectively.
Lemma 4.3. [CLY, G03] For the canonical cotorsion pair (P,ModR), (dwP, dwP⊥), (exP,
exP⊥) and (dgP, E) are the complete cotorsion pairs in C(ModR). Moreover, they satisfy the
following conditions:
(1) P˜ = dwP
⋂
dwP⊥ = exP
⋂
exP⊥ = dgP
⋂
E
(2) E
⋂
dwP = exP, dgP ⊆ dwP.
Lemma 4.4. The classes exP⊥ and E are closed under cosyzygy Σ.
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Proof. Let M• ∈ E and N• ∈ exP⊥. Since C(ModR) admits enough injective objects. Then,
there exist two short exact sequence
0 −→M• −→ E•(M•)→ ΣM• −→ 0
0 −→ N• −→ E•(N•)→ ΣN• −→ 0 (4.1)
with E•(M•) and E•(N•) are injective complexes. It is easy to check that ΣM• by the long
exact sequence theorem and injective complexes are exact. Hence, E is closed under cosyzygy.
Now, it remains to show that ΣN• ∈ exP⊥. Let Q• be a complex of exP. Applying the
functor Hom(Q•,−) to the exact sequence (4.1), we obtain a long exact sequence
Ext1(Q•, N•) −→ Ext1(Q•, E•(N•)) −→ Ext1(Q•,ΣN•) −→ Ext2(Q•, N•).
Note that there is a short exact sequence
0 −→ ΩQ• −→ P • −→ N• −→ 0. (4.2)
Thus, we know that Ext2(Q•, N•) ∼= Ext1(ΩQ•, N•). We claim that ΩQ• ∈ exP. Indeed,
it is easy to see that ΩQ• is exact. Moreover, the sequence (4.2) is degree-wise split. Hence,
each Qn is a projective module and so, the desired result comes. In this case, Ext
2(Q•, N•) =
Ext1(Q•, E•(N•)) = 0. Therefore, Ext1(Q•,ΣN•) = 0. This completes the proof.
Now, we can apply one of our main results to reprove the existence of the following recolle-
ment.
Proposition 4.5. [CLY] There exists the following recollement of triangulated category
Kex(P)
I // K(P)
Iλ
xx
Iδ
ff
J // D(R)
Jδ
ff
Jλ
xx
.
Proof. By Theorem 3.9, Lemma 4.3 and Lemma 4.4, we have the following recollement
exP/P˜
I // dwP/P˜
Iλ
vv
Iδ
gg
J // dgP/P˜
Jδ
gg
Jλ
vv
.
It is well-known that there exist triangulated equivalences exP/P˜ ∼= Kex(P), dwP/P˜ ∼= K(P)
and dgP/P˜ ∼= D(R). Moreover, it is easy to see that the functor I and Jλ are triangulated
functors. By adjointness, we know that the remained four functors are triangulated functors.
Next, we hope to get the Krause’s recollement from the cotorsion pair on the category of
complexes. The following observation is very important. Let X• be a complex. Now, we
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construct a short exact of complexes as follows.
...

...

...

0 // Xn+1
[
1
dn+1
]
//
dn+1

Xn+1 ⊕Xn
[ 0 10 0 ]

[−dn+1 1 ] // Xn //
−dn

0
0 // Xn
[
1
dn
]
//

Xn ⊕Xn−1

[−dn 1 ] // Xn−1 //

0
...
...
...
That is, there exists an exact sequence
0 −→ X•
[
1
d
]
−−−→
∏
n∈Z
Xn
[−d 1 ]
−−−−−−→ S(X) −→ 0.
From this observation, we have the following result.
Lemma 4.6. If X• ∈ dgI, then there exists an isomorphism of complexes ΣX• ∼= S(X). In
particularly, dgI is closed under the cosyzygy Σ.
Proof. Since X• ∈ dgI, Xn are injective modules for all n ∈ Z. Note that
∏
n∈ZXn is an
injective complex since Xn are injective complexes for all n ∈ Z. Then we obtain the desired
result.
Finally, we are in proposition to reobtain the Krause’s recollement, which also reprove the
Proposition 4.3 in [CLY].
Proposition 4.7. For the canonical cotorsion pair (ModR,I), (⊥dwI, dwI), (⊥exI, exI)
and (E , dgI) are the completed cotorsion pairs in C(ModR). Moreover, they induces Krause’s
recollement
Kex(I)
F // K(I)
Fλ
xx
Fρ
ff
G′ // D(R)
G′ρ
ff
G′λ
xx
.
Proof. Following the references [CLY, G03], we know that these three cotorsion pairs are
complete and they also satisfy the following conditions:
(1) I˜ = ⊥dwI ∩ dwI = ⊥exI ∩ exI = E ∩ dgI
(2) E ∩ dwI = exI, dgI ⊆ dwI.
Now, we show that exI is closed under cosyzygy. Indeed, there exists a short exact sequence
0 −→ X• −→ E•(X•) −→ ΣX• −→ 0. Clearly, ΣX• is an exact complex. It is easy to see
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that this sequence is degree-wise split. Thus, each component (ΣX•)n of ΣX
• is injective and
so, ΣX• ∈ exI.
By Lemma 4.6, dgI is also closed under the cosyzygy Σ. Therefore, by Theorem 3.8, we
know that there exists a recollement of additive categories
exI/I˜
F // dwI/I˜
Fλ
vv
Fρ
ff
G′ // dgI/I˜
G′ρ
ff
G′λ
vv
.
It is well-known that there exist triangulated equivalences exI/I˜ ∼= Kex(I), dwI/I˜ ∼= K(I)
and dgI/I˜ ∼= D(R). The remaining arguments are similar to Proposition 4.5.
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